Projective objects in the category of pointwise finite dimensional
  representations of an interval finite quiver by Jiao, Pengjie
ar
X
iv
:1
80
4.
04
28
2v
3 
 [m
ath
.R
T]
  2
2 O
ct 
20
19
PROJECTIVE OBJECTS IN THE CATEGORY OF POINTWISE
FINITE DIMENSIONAL REPRESENTATIONS OF AN INTERVAL
FINITE QUIVER
PENGJIE JIAO
Abstract. For an interval finite quiver Q, we introduce a class of flat repre-
sentations. We classify the indecomposable projective objects in the category
rep(Q) of pointwise finite dimensional representations. We show that an object
in rep(Q) is projective if and only if it is a direct sum of countably generated
flat representations.
1. Introduction
Let k be a field and let Q be an interval finite quiver (may contain infinitely many
vertices). Denote by Rep(Q) the category of representations of Q over k, and by
rep(Q) the full subcategory formed by pointwise finite dimensional representations.
We mention that infinite quivers appear naturally in the covering theory of alge-
bras; see [5, 8]. The representation theory of some infinite quivers is studied in [4].
The result is applied to the study of the bounded derived category of an algebra
with radical square zero; see [3].
We are interested in the Auslander–Reiten theory of rep(Q). The reason is due
to that almost split sequences in rep(Q) seem to behave better than the ones in
certain subcategories of rep(Q); see [4, Section 2]. Moreover, rep(Q) is easier to
study than Rep(Q).
The very first step is to understand the projective objects and then the pro-
jectively trivial morphisms (see [14, Section 2]) in rep(Q). It is well known that
each representation in rep(Q) is a direct sum of indecomposable representations,
whose endomorphism ring is local; see Lemma 3.6. Hence, it is sufficient to study
indecomposable projective objects in rep(Q).
In this paper, we are able to classify the indecomposable projective objects in
rep(Q), and characterize the projective objects via flat representations of Q. To
state the results, we introduce some notations.
For each vertex a, we denote by Pa the usual indecomposable projective repre-
sentation corresponding to a.
Let p be a right infinite path, which means an infinite sequence of arrows
α1α2 · · ·αn · · · with s(αi) = t(αi+1) for each i ≥ 1. Recall that the convex hull
of p is the smallest convex subquiver of Q containing p. It is called uniformly in-
terval finite if the set of finite paths u with s(u) = a, t(u) = b for any given vertices
a, b is bounded uniformly.
Denote by [p] the equivalence class (see page 3 for the definition) of right infinite
paths containing p. We introduce a flat representation X[p] and show that it is an
indecomposable projective object in rep(Q), if the convex hull of any right infinite
path in [p] is uniformly interval finite; see Proposition 6.2.
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Moreover, we give a complete classification of indecomposable projective objects,
and hence projective objects in rep(Q).
Theorem A (see Theorem 6.7). Let Q be an interval finite quiver. Assume that
P is an indecomposable projective object in rep(Q). Then either P ≃ Pa for some
vertex a, or P ≃ X[p] for some equivalence class [p] of right infinite paths, where
the convex hull of any right infinite path in [p] is uniformly interval finite.
It is well known that a finitely presented representation is projective if and
only if it is flat. Inspired by this fact, we investigate the relationship between flat
representations lying in rep(Q) and projective objects in rep(Q).
More precisely, we obtain the following characterization for flat representations.
This strengthens the Lazard–Govorov Theorem [10, 13] in the special case Rep(Q).
Proposition B (see Proposition 5.2). A flat representation in Rep(Q) is a direct
limit of finitely generated projective subrepresentations.
Based on this description, we can give a characterization for projective objects
in terms of flat representations. This is analogous to the classical result [7, Theo-
rem 2.2] in module categories, which is due to [12] and [16].
Theorem C (see Theorem 7.2). Let Q be an interval finite quiver and let M be
a representation in rep(Q). Then M is projective in rep(Q) if and only if M is a
direct sum of countably generated flat representations in Rep(Q).
The paper is organized as follows. In Section 2 we introduce the notion of
uniformly interval finite quiver. We give characterizations for the convex hull of
a right infinite path being uniformly interval finite. In Section 3 we recall some
basic facts about representations of quivers. In Section 4 we recall some results
about direct limits and inverse limits. In Section 5 we introduce a class of flat
representations X[p] for each equivalence class [p] of right infinite paths. We study
morphisms between representations of the form X[p]. We give a characterization
for flat representations in Rep(Q). Sections 6 and 7 are dedicated to the proofs of
Theorems 6.7 and 7.2, respectively.
2. Uniformly interval finite quivers
Let Q = (Q0, Q1) be a quiver, where Q0 is the set of vertices and Q1 is the set of
arrows. Given an arrow α : a→ b, we denote by s(α) = a its source and by t(α) = b
its target.
A (finite) path p of length l ≥ 1 is a sequence of arrows αl · · ·α2α1 such that
s(αi+1) = t(αi) for each i = 1, 2, . . . , l − 1. We set s(p) = s(α1) and t(p) = t(αl).
We associate with each vertex a a trivial path (of length 0) ea such that s(ea) =
a = t(ea). A nontrivial finite path p is called an oriented cycle if s(p) = t(p).
Let a, b ∈ Q0. Denote by Q(a, b) the set of finite paths p with s(p) = a and
t(p) = b. If Q(a, b) 6= ∅, then a is called a predecessor of b, and b is called a
successor of a. Moreover, if Q(a, b) contains an arrow, then a is called a direct
predecessor of b, and b is called a direct successor of a. Denote by a+ the set of its
direct successors, and by b− the set of its direct predecessors.
A right infinite path p is an infinite sequence of arrows α1α2 · · ·αn · · · such that
s(αi) = t(αi+1) for each i ≥ 1. We set t(p) = t(α1). Dually, a left infinite path p
is an infinite sequence of arrows · · ·αn · · ·α2α1 such that s(αi+1) = t(αi) for each
i ≥ 1. We set s(p) = s(α1). Here, we use the terminologies in [6, Subsection 2.1].
We mention that the pair of notions are opposite to the corresponding ones in [4,
Section 1].
Recall that Q is called connected if its underlying graph is connected. We call
Q interval finite if Q(a, b) is finite for any vertices a and b. We mention that an
PROJECTIVE OBJECTS IN rep(Q) 3
interval finite quiver contains no oriented cycles. We call Q locally finite if for any
vertex a, the set of arrows α with s(α) = a or t(α) = a is finite. We call Q strongly
locally finite for short if Q is locally finite and interval finite.
The opposite quiver Qop of Q means the quiver (Qop0 , Q
op
1 ), where Q
op
0 = Q0
and Qop1 = {α
op : b→ a|Q1 ∋ α : a→ b}. Given a finite path p = αn · · ·α2α1 in Q,
we set the corresponding finite path pop = αop1 α
op
2 · · ·α
op
n in Q
op. Similarly, given
a right infinite path p = α1α2 · · ·αn · · · and a left infinite path q = · · ·βn · · ·β2β1
in Q, we set the corresponding left infinite path pop = · · ·αopn · · ·α
op
2 α
op
1 and right
infinite path qop = βop1 β
op
2 · · ·β
op
n · · · in Q
op.
Following [6, Subsection 2.1], we introduce an equivalence relation on right in-
finite paths in Q. Two right infinite paths α1α2 · · ·αi · · · and β1β2 · · ·βj · · · are
equivalent, if there exist some positive integers m and n such that
αmαm+1 · · ·αi · · · = βnβn+1 · · ·βj · · · .
Given a right infinite path p, we denote by [p] the equivalence class containing p.
For each vertex a, we denote by [p]a the subclass of [p] consisting of right infinite
paths p′ with t(p′) = a. We mention that both [p] and [p]a are sets.
Dually, two left infinite paths · · ·αi · · ·α2α1 and · · ·βj · · ·β2β1 are equivalent, if
there exist some positive integers m and n such that
· · ·αi · · ·αm+1αm = · · ·βj · · ·βn+1βn.
Given a left infinite path q, we denote by [q] the equivalence class containing q.
Recall that a right infinite path is called cyclic, if it is of the form uu · · ·u · · ·
for some oriented cycle u. A right infinite path is called rational if it is equivalent
to a cyclic right infinite path; otherwise, it is called irrational. We observe that a
rational right infinite path can be written as the form quu · · ·u · · · for some finite
path q and some oriented cycle u. Then any right infinite path is irrational if Q
contains no oriented cycles.
For a right infinite path p, we mention the following observation.
Lemma 2.1. Let p be a right infinite path. Assume qp = q′p for some finite paths
q and q′ with s(q) = t(p) = s(q′) and q 6= q′. Then p is cyclic.
Proof. We observe that the lengths of q and q′ are not the same, since qp = q′p and
q 6= q′. We may assume the length of q′ is greater than the one of q. Then there
exists some nontrivial finite path u such that q′ = qu. We have that s(u) = s(q′) =
s(q) = t(u). In other words, u is an oriented cycle. We observe that qp = q′p = qup,
and then p = up. It follows inductively that p = uu · · ·u · · · . 
Recall that a subquiver Q′ of Q is called full if each arrow α with s(α), t(α) ∈ Q′0
lies in Q′. We call Q′ convex if each finite path p with s(p), t(p) ∈ Q′0 lies in Q
′.
Given a finite path (or an infinite path) p, the smallest convex subquiver of Q
containing p is called the convex hull of p.
Given an equivalence class [p] of irrational right infinite paths, we have the
following characterization of
∣∣[p]t(p)∣∣. Here, the symbol “|·|” means the cardinal
number of a set.
Lemma 2.2. Let p = α1α2 · · ·αi · · · be an irrational right infinite path. Denote by
Ω the convex hull of p, and set ai = t(αi+1) for any i ≥ 0. Then
|[p]a0 | = sup
a,b∈Ω
|Q(a, b)| = sup
i,j≥0
|Q(ai, aj)| = sup
i≥0
|Q(ai, a0)| .
Proof. We observe by the definition of the convex hull that for any vertices a and
b in Ω, there exist some finite paths u ∈ Q(b, a0) and v ∈ Q(ai, a) for some i ≥ 0.
The injection
f : Q(a, b) −→ Q(ai, a0), q 7→ uqv,
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implies that |Q(a, b)| ≤ |Q(ai, a0)|. We then obtain
sup
i≥0
|Q(ai, a0)| ≥ sup
a,b∈Ω
|Q(a, b)| ≥ sup
i,j≥0
|Q(ai, aj)| ≥ sup
i≥0
|Q(ai, a0)| .
It remains to show |[p]a0 | = supi≥0 |Q(ai, a0)|.
For each i ≥ 0, let ∆i be the subset of [p]a0 consisting of right infinite paths of
the form uαi+1αi+2 · · ·αj · · · for some finite path u. We have that ∆i ⊆ ∆i+1 and
[p]a0 =
⋃
i≥0∆i. Consider the surjection
g : Q(ai, a0) −→ ∆i, q 7→ qαi+1αi+2 · · ·αj · · · .
By the assumption, the right infinite path αi+1αi+2 · · ·αj · · · can not be cyclic.
Then Lemma 2.1 implies that g is an injection, and hence is a bijection. It follows
that
|[p]a0 | = sup
i≥0
|∆i| = sup
i≥0
|Q(ai, a0)| . 
Here, we introduce a notion stronger than interval finite.
Definition 2.3. We call a quiver uniformly interval finite if there exists some
integer N such that for each pair of vertices a and b, the number of finite paths p
with s(p) = a and t(p) = b is less than or equal to N . 
Example 2.4. (1) The infinite quivers of A∞, A
∞
∞ and D∞ type are uniformly
interval finite.
(2) The infinite quiver of the form
◦ ◦ ◦ · · · ◦ · · ·
is interval finite but not uniformly interval finite. 
The following result is a consequence of Lemma 2.2.
Proposition 2.5. Let p = α1α2 · · ·αi · · · be an irrational right infinite path. Set
ai = t(αi+1) for each i ≥ 0. The following statements are equivalent.
(1) The convex hull of p is uniformly interval finite.
(2) {|Q(ai, a0)| |i ≥ 0} is bounded.
(3) [p]a0 is finite.
Proof. Let Ω be the convex hull of p. We observe that Ω being uniformly interval
finite precisely means {|Q(a, b)| |a, b ∈ Ω} being bounded. Then it follows from
Lemma 2.2 that (1), (2) and (3) are equivalent. 
The following lemma gives some necessary conditions for the convex hull of a
right infinite path being uniformly interval finite.
Lemma 2.6. Let p = α1α2 · · ·αi · · · be a right infinite path, whose convex hull is
uniformly interval finite. Set ai = t(αi+1) for each i ≥ 0. Then there exists some
nonnegative integer N such that |Q(ai, aj)| = 1 and
∣∣[p]aj ∣∣ = 1 for any i ≥ j ≥ N .
Proof. Since the convex hull of p is uniformly interval finite, it contains no oriented
cycles. In particular, p is irrational. By the equivalence between Proposition 2.5(1)
and Proposition 2.5(2), we have that {|Q(ai, a0)| |i ≥ 0} is bounded. For any i ≥
j ≥ l ≥ 0, we have the injection
f : Q(aj , al)×Q(ai, aj) −→ Q(ai, al), (u, v) 7→ uv.
We obtain |Q(ai, a0)| ≥ |Q(aj, a0)| × |Q(ai, aj)| ≥ |Q(aj , a0)|. Then there exists
some nonnegative integer N such that |Q(ai, a0)| = |Q(aN , a0)| for any i ≥ N .
Since |Q(aN , a0)| × |Q(ai, aN )| ≤ |Q(ai, a0)|, we have that |Q(ai, aN )| = 1. Since
|Q(aj , aN )|×|Q(ai, aj)| ≤ |Q(ai, aN )| for any i ≥ j ≥ N , we have that |Q(ai, aj)| =
1. By Lemma 2.2, we obtain
∣∣[p]aj ∣∣ = 1. 
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We mention that the necessary conditions in the above lemma is not sufficient;
see the following example.
Example 2.7. (1) Let Q be the following quiver
b1
◦
b2
◦ · · ·
bi
◦ · · ·
◦
a0
◦
a1
◦
a2
· · · ◦
ai
· · · .
β1
β2 β3 βi βi+1
α1
γ1
α2
γ2
α3 αi
γi
αi+1
Let Ω be the set of equivalence classes of right infinite paths, and let ∆
be the set of right infinite paths p with t(p) = a0.
Set u = α1α2 · · ·αi · · · and v = β1β2 · · ·βi · · · . For each i ≥ 1, we set
wi = β1β2 · · ·βiγiαi+1αi+2 · · ·αj · · · .
Then we have that
∆ = {u, v} ∪ {wi|i ≥ 1} .
We observe that each class in Ω contains some right infinite path in ∆.
Since [u]a0 = {u} ∪ {wi|i ≥ 1} and [v]a0 = {v}, we have that
Ω = {[u], [v]} .
We observe that |Q(bi, a0)| = 1 for any i ≥ 0. Then Proposition 2.5
implies that the convex hull of v is uniformly interval finite. Moreover, the
convex hull of any right infinite path in [v] is uniformly interval finite.
For each i ≥ 1, we have that |Q(ai, a0)| = i + 1. Then Proposition 2.5
implies that the convex hull of u is not uniformly interval finite. Similarly,
neither is the one of any wl. But |Q(ai, aj)| = 1 and
∣∣[p]aj ∣∣ = 1 for any
i ≥ j ≥ 1. Then the convex hull of each αjαj+1 · · ·αi · · · is uniformly
interval finite by Proposition 2.5.
(2) Let Q be the following quiver
b0
◦
b1
◦
b2
◦
b3
◦
b2i
◦
b2i+1
◦
◦
a0
◦
a1
◦
a2
◦
a3
◦
a2i
◦
a2i+1
.
γ0
β1 β2
γ2
β3 · · ·
γ2i
β2i+1
· · ·
α1
γ1
α2 α3
γ3
· · · α2i+1
γ2i+1
· · ·
Let ∆ be the set of right infinite paths p with t(p) = a0. Then ∆ is
uncountable. Let Ω be the set of equivalence classes of right infinite paths.
We observe that each class in Ω contains at least one right infinite path in
∆, and at most countably many right infinite paths in ∆. Therefore Ω is
uncountable.
For any positive integer N , we have that |Q(aN+2, aN )| = 2. Then
Lemma 2.6 implies that the convex hull of α1α2 · · ·αi · · · is not uniformly
interval finite.
Moreover, one can show that the convex hull of any right infinite path
p in ∆ is not uniformly interval finite. Indeed, we observe that either ai or
bi will appear in p for any i ≥ 0. For any positive integer N , we have that
|Q(c, c′)| ≥ 2 for any c ∈ {aN+3, bN+3} and c′ ∈ {aN , bN}. Then Lemma 2.6
implies that the convex hull of p is not uniformly interval finite. 
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3. Representations of quivers
Let k be a field and let Q be a quiver. Denote by Mod k the category of k-linear
spaces.
A representation M = (M(a),M(α)) of Q over k is given by k-linear spaces
M(a) for any vertex a, and k-linear maps M(α) : M(a) → M(b) for any arrow
α : a → b. For each finite path p = αl · · ·α2α1 of length l ≥ 1, we set M(p) =
M(αl)◦ · · · ◦M(α2)◦M(α1); for each trivial path ea, we setM(ea) = 1M(a). Given
two representations M and N , a morphism f : M → N is given by k-linear maps
f(a) : M(a)→ N(a) for any vertex a, such that f(b) ◦M(α) = N(α) ◦ f(a) for any
arrow α : a→ b.
Let M be a representation. Recall that the support suppM of M is the full
subquiver of Q generated by vertices a with M(a) 6= 0. The socle socM of M is
the subrepresentation of M such that
(socM)(a) =
⋂
α∈Q1,s(α)=a
KerM(α)
for each vertex a. The radical radM of M is the subrepresentation of M such that
(radM)(a) =
∑
α∈Q1,t(α)=a
ImM(α)
for each vertex a. The top topM of M is the factor representation M/ radM .
We mention the following observation; compare [4, Lemma 1.1].
Lemma 3.1. Let M be a representation.
(1) If suppM contains no right infinite paths, then radM is superfluous in M .
(2) If suppM contains no left infinite paths, then socM is essential in M .
Proof. (1) Let N be a subrepresentation of M with N + radM = M . We assume
N(a) 6=M(a) for some vertex a.
We claim that there exists some a1 ∈ a− such that N(a1) 6= M(a1). Indeed,
otherwise (radM)(a) ⊆ N(a) and then (radM +N)(a) = N(a) 6= M(a), which is
a contradiction.
Set a0 = a. For every i ≥ 0, we can find some ai+1 ∈ a
−
i inductively such that
N(ai+1) 6= M(ai+1). Then we obtain some right infinite path in suppM , which is
a contradiction. It follows that N =M , and then radM is superfluous in M .
(2) Let N be a nonzero subrepresentation of M . Let a be a vertex in suppN .
Assume x is a nonzero element inN(a). Since suppM contains no left infinite paths,
there exists some finite path p in suppM with s(p) = a such that N(p)(x) 6= 0 and
N(αp)(x) = 0 for any arrow α in Q. Therefore N(p)(x) lies in N ∩socM . It follows
that socM is essential in M . 
Denote by Rep(Q) the category of representations of Q over k. For every pair of
representations M and N , denote by Hom(M,N) the set of morphisms from M to
N in Rep(Q). It is well known that Rep(Q) is a hereditary abelian category; see
[9, Section 8.2].
We associate each representation M of Q with a representation DM of Qop as
follows. For each vertex a in Qop, we let
(DM)(a) = Homk(M(a), k).
For each arrow αop : b→ a in Qop, we let
(DM)(αop) = Homk(M(α), k) : (DM)(b) −→ (DM)(a).
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Given a morphism f : M → N in Rep(Q), we set the morphism Df : DN → DM
in Rep(Qop) such that
(Df)(a) = Homk(f(a), k) : (DN)(a) −→ (DM)(a).
Then we obtain an exact contravariant functor
D : Rep(Q) −→ Rep(Qop).
Let a be a vertex in Q. We define the representation Pa as follows. For each
vertex b, we let
Pa(b) =
⊕
p∈Q(a,b)
kp.
We mention that Pa(b) = 0 if Q(a, b) = ∅. For each arrow α : b→ b′, we let
Pa(α) : Pa(b) −→ Pa(b
′), p 7→ αp,
for any finite path p ∈ Q(a, b).
Denote by P opa the corresponding representation of Q
op and let Ia = DP
op
a in
Rep(Q). We mention that for each vertex b, we have that
Ia(b) = Homk
( ⊕
p∈Q(b,a)
kp, k
)
.
For each arrow α : b→ b′, we have that
Ia(α) : Ia(b) −→ Ia(b
′), f 7→ (p 7→ f(pα)),
for any f ∈ Ia(b) and any finite path p ∈ Q(b′, a).
Let Sa be the simple representation such that Sa(a) = kea and Sa(b) = 0 for
any vertex b 6= a. We observe that topPa ≃ Sa ≃ soc Ia.
The following result seems well known; see [9, Section 3.7]. It implies that Pa is
a projective representation and Ia is an injective representation in Rep(Q).
Lemma 3.2. Let M ∈ Rep(Q) and a ∈ Q0.
(1) The k-linear map
ηM : Hom(Pa,M) −→M(a),
given by ηM (f) = f(a)(ea) for any f ∈ Hom(Pa,M), is an isomorphism
natural in M .
(2) The k-linear map
ζM : Hom(M, Ia) −→ Homk(M(a), k),
given by ζM (f)(x) = f(a)(x)(ea) for any f ∈ Hom(M, Ia) and x ∈ M(a),
is an isomorphism natural in M .
Proof. (1) Consider the k-linear map
η′M : M(a) −→ Hom(Pa,M),
given by η′M (x)(b)(p) =M(p)(x), for any x ∈M(a) and any b ∈ Q0 and p ∈ Q(a, b).
By a direct verification, we have that
η′M ◦ ηM = 1Hom(Pa,M) and ηM ◦ η
′
M = 1M(a).
It follows that ηM is an isomorphism. The naturality is a direct verification.
(2) Consider the k-linear map
ζ′M : Homk(M(a), k) −→ Hom(M, Ia),
given by ζ′M (f)(b)(x)(p) = f(M(p)(x)) for any f ∈ Homk(M(a), k) and any b ∈ Q0,
x ∈M(b) and p ∈ Q(b, a). By a direct verification, we have that
ζ′M ◦ ζM = 1Hom(M,Ia) and ζM ◦ ζ
′
M = 1Homk(M(a),k).
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It follows that ζM is an isomorphism. The naturality is a direct verification. 
LetM be a representation. Then there exists some epimorphism
⊕
i∈Λ Pai →M
with ai ∈ Q0. We call M countably generated if Λ can be chosen as a countable
set; we call M finitely generated if Λ can be chosen as a finite set. Dually, there
exists some monomorphism M →
∏
i∈Λ Iai with ai ∈ Q0. We call M countably
cogenerated if Λ can be chosen as a countable set; we call M finitely cogenerated if
Λ can be chosen as a finite set.
Denote by proj(Q) the category of finitely generated projective representations
and by inj(Q) the category of finitely cogenerated injective representations.
If Q contains no oriented cycles, we observe by Lemma 3.2 that End(Pa) ≃ k ≃
End(Ia) for any vertex a. Therefore, both proj(Q) and inj(Q) are Krull–Schmidt
categories. Every object in proj(Q) is of the form
⊕n
i=1 Pai with ai ∈ Q0, and every
object in inj(Q) is of the form
⊕n
i=1 Iai with ai ∈ Q0. Moreover, it follows from
Azumaya’s decomposition theorem that every projective representation in Rep(Q)
is the direct sum of representations of the form Pa; see [1, Theorem 12.6].
Recall that a representation M is called pointwise finite dimensional if M(a) is
finite dimensional for each vertex a. We denote by rep(Q) the category of pointwise
finite dimensional representations. The restriction of D gives a duality
D : rep(Q) −→ rep(Qop).
The following fact is well known.
Lemma 3.3. rep(Q) is a hereditary abelian subcategory of Rep(Q), which is closed
under extensions.
Proof. One can see that rep(Q) is an abelian subcategory of Rep(Q), which is closed
under extensions. For any M and N in rep(Q), we will view Ext1(M,N) in the
sense of Yoneda under the Baer sum. Since Rep(Q) is hereditary, the functors
Ext1(M,−) and Ext1(−,M) from Rep(Q) to Mod k are right exact. Then so are
their restrictions to rep(Q), since rep(Q) is closed under extensions. That is to say,
rep(Q) is hereditary. 
Given infinitely many objects in rep(Q), it depends on their supports whether
they admit a direct sum in rep(Q).
Proposition 3.4. Let Mi for i ∈ Λ be infinitely many objects in rep(Q). The
following statements are equivalent.
(1) The product of Mi for i ∈ Λ exists in rep(Q).
(2) The coproduct of Mi for i ∈ Λ exists in rep(Q).
(3) For every vertex a, there exist only finitely many i ∈ Λ such thatMi(a) 6= 0.
Proof. (1) ⇒ (3). Let (M, fi : M → Mi) be the product. Assume there exist
infinitely many i ∈ Λ such thatMi(a) 6= 0, for some vertex a. From these elements,
we can choose some i1, i2, . . . , in such that n > dimM(a).
Denote by gi : Mi → M the induced morphism such that fi ◦ gi = 1Mi and
fj ◦ gi = 0 for any j 6= i. Consider the morphisms g :
⊕n
j=1Mij → M induced by
gi, and f : M →
⊕n
j=1Mij induced by fi. One can check that f ◦ g = 1
⊕
n
j=1Mij
.
In particular, dimM(a) ≥ dim
⊕n
j=1Mij (a) ≥ n, which is a contradiction.
(3) ⇒ (1). By the assumption,
∏
i∈ΛMi(a) is a finite direct product for any
vertex a. Then the direct product
∏
i∈ΛMi in Rep(Q) lies in rep(Q). It is the
product of Mi for i ∈ Λ in rep(Q).
The proof of (2) ⇔ (3) is similar. 
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If the equivalent conditions in the preceding proposition hold, then the product
and coproduct are just the direct sum in Rep(Q), which we denote by
⊕
i∈ΛMi.
Moreover,
⊕
i∈ΛMi(a) is a finite direct sum for every vertex a.
Example 3.5. Let Q be the following quiver
1
◦
3
◦
5
◦ · · ·
2n+1
◦ · · ·
◦
0
◦
2
◦
4
· · · ◦
2n
· · · .
We observe that P2n ≃ S2n for n ≥ 0, and they admit a direct sum
⊕
n≥0 P2n
in rep(Q). Since P2n+1(1) 6= 0 for any n ≥ 0, then P2n+1 for n ≥ 0 do not admit
a direct sum in rep(Q) by Proposition 3.4. Indeed,
⊕
n≥0 P2n+1 does not lie in
rep(Q). 
The following fact may be known to experts. One can see [11, Theorem 1] for
details; compare [2, Main Theorem(a)].
Lemma 3.6. Every M ∈ rep(Q) admits a decomposition M =
⊕
i∈ΛMi such that
each Mi is indecomposable and End(Mi) is local. 
4. Direct limits and inverse limits
In this section, we mention some facts about direct limits and inverse limits.
Let (Mi, ψij : Mi →Mj) be a direct system over a directed set (Λ,≤) in Mod k.
For each i ∈ Λ, we set
M ′i =
∑
i≤j
Kerψij .
We mention the following observations.
Lemma 4.1. For any i ∈ Λ and x ∈ M ′i , there exists some l ≥ i such that
x ∈ Kerψil.
Proof. Assume x =
∑n
r=1 xr with each xr ∈ Kerψijr for some jr ≥ i. We can
choose some l ≥ j1, j2, . . . , jn, since Λ is directed. We observe that
ψil(x) =
n∑
r=1
ψil(xr) =
n∑
r=1
(ψjr l ◦ ψijr )(xr) = 0.
Then the result follows. 
Lemma 4.2. For any i ≤ j, the pre-image of M ′j under ψij is M
′
i.
Proof. Let x ∈M ′i . Applying Lemma 4.1 for i and x, we have some l ≥ i such that
x ∈ Kerψil. Choose some l′ ≥ j, l. Then
(ψjl′ ◦ ψij)(x) = ψil′ (x) = (ψll′ ◦ ψil)(x) = 0.
Hence ψij(x) ∈ Kerψjl′ ⊆ M ′j. That is to say, the image of M
′
i under ψij is
contained in M ′j.
On the other hand, let x ∈ Mi with ψij(x) ∈ M ′j. Applying Lemma 4.1 for j
and ψij(x), we have some l ≥ j such that ψij(x) ∈ Kerψjl. Then
ψil(x) = (ψjl ◦ ψij)(x) = 0.
Hence x ∈ Kerψil ⊆M ′i . Then the result follows. 
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By Lemma 4.2, for any i ≤ j, we can consider the restriction ψij |M ′
i
: M ′i →M
′
j
of ψij , and the morphism ψij : Mi/M
′
i → Mj/M
′
j induced by ψij . Then we obtain
direct systems (M ′i , ψij |M ′i ) and (Mi/M
′
i , ψij) over Λ. Moreover, it follows from
Lemma 4.2 that each ψij is an injection.
The following result shows that the direct system (Mi/M
′
i , ψij) admits the same
direct limit with (Mi, ψij).
Proposition 4.3. The canonical map φi : Mi/M
′
i → lim−→
Mi/M
′
i is an injection for
each i ∈ Λ, and lim−→Mi/M
′
i ≃ lim−→Mi.
Proof. For any i ∈ Λ and any x +M ′i ∈ Mi/M
′
i , we mention that φi(x +M
′
i) = 0
if and only if ψil(x+M
′
i) = 0 for some l ≥ i; see [17, Lemma 5.30]. We observe by
Lemma 4.2 that ψij is an injection for any j ≥ i. It follows that φi is an injection.
Consider the following exact sequence of direct systems
0 −→ (M ′i) −→ (Mi) −→ (Mi/M
′
i) −→ 0.
We obtain by [19, Theorem 2.6.15] the exact sequence
0 −→ lim
−→
M ′i −→ lim−→
Mi −→ lim−→
Mi/M
′
i −→ 0.
By Lemma 4.1, for any i ∈ Λ and x ∈ M ′i , there exists some j ≥ i such that
x ∈ Kerψij . That is to say ψij(x) = 0. We then obtain lim−→
M ′i = 0. It follows that
lim
−→
Mi/M
′
i ≃ lim−→
Mi. 
Based on the above procedure, we can reduce the structure morphisms in a direct
system into monomorphisms; see Proposition 5.2.
Let (Mi, ψji : Mj → Mi) be an inverse system over Λ in Mod k. It admits the
inverse limit lim
←−
Mi, which is the subspace of
∏
i∈ΛMi consisting of threads; see
[17, Proposition 5.17]. Here, a thread means an element (mi) ∈
∏
i∈ΛMi such that
ψji(mj) = mi for any i ≤ j.
Recall that (Mi, ψji) is said to satisfy the Mittag-Leffler condition, if for each
i ∈ Λ, there exists some j ≥ i such that ψji(Mj) = ψli(Ml) for any l ≥ j. We
mention that if each Mi is finite dimensional, then (Mi, ψji) satisfies the Mittag-
Leffler condition naturally.
The following fact is well known; see [19, Proposition 3.5.7].
Lemma 4.4. Assume
0 −→ (Ui) −→ (Vi) −→ (Wi) −→ 0
is a short exact sequence of inverse systems over Λ in Mod k. Then the following
induced sequence of inverse limits
0 −→ lim
←−
Ui −→ lim←−
Vi
g
−→ lim
←−
Wi
is exact. If moreover (Ui) satisfies the Mittag-Leffler condition and Λ is countable,
then g is surjective. 
The following result is crucial. It will be used to show the projective property
of some flat representation in rep(Q); see Section 6.
Proposition 4.5. Let C be a k-linear category and let Λ be a countable directed
set. Assume that (Mi, ψij : Mi → Mj) is a direct system over Λ in C, with the
direct limit (M,φi : Mi → M). If some morphism h : M → V satisfies that each
morphism h ◦ φi factors through g : U → V and each k-linear space HomC(Mi, U)
is finite dimensional, then h factors through g.
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M
Mi Mj
U V
h
ψij
φi
φj
g
Proof. For any i ≤ j and W ∈ C, we consider the k-linear map
HomC(ψij ,W ) : HomC(Mj ,W ) −→ HomC(Mi,W ), f 7→ f ◦ ψij ,
induced by ψij . Then (HomC(Mi,W ),HomC(ψij ,W )) forms an inverse system in
Mod k. We mention the natural isomorphism
(4.1) θW : HomC(M,W )
≃
−→ lim
←−
HomC(Mi,W ), f 7→ (f ◦ φi).
For each i ∈ Λ, we have the k-linear map
HomC(Mi, g) : HomC(Mi, U) −→ HomC(Mi, V ), f 7→ g ◦ f,
induced by g. Express it as the composition of a surjection and the inclusion
HomC(Mi, g) : HomC(Mi, U)
ui−→ ImHomC(Mi, g)
inci
⊆ HomC(Mi, V ).
Consider the induced exact sequence
0 −→ KerHomC(Mi, g) −→ HomC(Mi, U)
ui−→ ImHomC(Mi, g) −→ 0.
We observe that each KerHomC(Mi, g) is finite dimensional. Then the inverse
system (KerHomC(Mi, g)) satisfies the Mittag-Leffler condition. By Lemma 4.4,
we obtain the following exact sequence of inverse limits
0→ lim
←−
KerHomC(Mi, g)→ lim←−
HomC(Mi, U)
←−ui−→ lim
←−
ImHomC(Mi, g)→ 0.
Here, ←−ui is the induced map. Then we obtain the commutative triangle
lim←− ImHomC(Mi, g)
lim
←−
HomC(Mi, U) lim←−
HomC(Mi, V ).
←−−−−−−−−−
HomC(Mi,g)
←−ui
←−−
inci
Here,
←−−
inci is an injection by Lemma 4.4.
For any i ≤ j, we observe that
HomC(ψij , V )(h ◦ φj) = h ◦ φj ◦ ψij = h ◦ φi.
Then (h ◦ φi) is an element in lim←−
HomC(Mi, V ). By the hypotheses, each h ◦ φi
factors through g. In other words, h ◦ φi lies in ImHomC(Mi, g). Then (h ◦ φi) is
also an element in lim
←−
ImHomC(Mi, g). Since
←−ui is a surjection, there exists some
x ∈ lim
←−
HomC(Mi, U) such that
←−ui(x) = (h ◦ φi). Moreover
←−−−−−−−−−
HomC(Mi, g)(x) =
←−−
inci(
←−ui(x)) = (inci(h ◦ φi)) = (h ◦ φi).
In other words, (h ◦ φi) lies in Im
←−−−−−−−−−
HomC(Mi, g).
Consider the commutative diagram
HomC(M,U) HomC(M,V )
lim
←−
HomC(Mi, U) lim←−
HomC(Mi, V ).
θU θV
HomC(M,g)
←−−−−−−−−−
HomC(Mi,g)
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We observe by the isomorphism (4.1) in the case θV that θV (h) = (h◦φi). It follows
that h lies in ImHomC(M, g). In other words, h factors through g. 
5. A class of flat representations
Let Q be a quiver without oriented cycles. We mention that both proj(Q) and
inj(Q) are Krull–Schmidt categories.
Recall the Lazard–Govorov Theorem that a module over a unital ring is flat if
and only if it is a direct limit of finitely generated free modules; see [10, 13]. It is
generalized to functor categories as [15, Theorem 3.2]. Especially, a flat represen-
tation in Rep(Q) is a direct limit of finitely generated projective representations.
We will introduce a class of flat representations.
Let [p] be an equivalence class of right infinite paths. Given a vertex a, we recall
that [p]a is the subset of [p] consisting of right infinite paths q with t(q) = a.
Inspired by the irreducible representations of Leavitt path algebras introduced
in [6, Subsection 3.1] (compare the point modules studied in [18]), we define a
representation X[p] as follows. For each vertex a, we let
X[p](a) =
⊕
u∈[p]a
ku.
We mention that X[p](a) = 0 if [p]a = ∅. For each arrow α : a→ b, we let
X[p](α) : X[p](a) −→ X[p](b), u 7→ αu,
for any right infinite path u ∈ [p]a.
Assume p = α1α2 · · ·αi · · · . We set ai = t(αi+1) for each i ≥ 0. Recall that Pa
is the corresponding projective representation for any vertex a. For each j > i, the
finite path αi+1αi+2 · · ·αj induces a morphism ψij : Pai → Paj , such that
ψij(b) : Pai(b) −→ Paj (b), u 7→ uαi+1αi+2 · · ·αj ,
for any vertex b and any finite path u ∈ Q(ai, b). Set ψii = 1Pai . We observe that
(Pai , ψij) is a direct system over (N,≤).
For each i ≥ 0, the right infinite path αi+1αi+2 · · ·αj · · · induces a morphism
φi : Pai → X[p], such that
φi(b) : Pai(b) −→ X[p](b), u 7→ uαi+1αi+2 · · ·αj · · · ,
for any vertex b and any finite path u ∈ Q(ai, b).
The following result shows that X[p] is a flat representation in Rep(Q).
Lemma 5.1. (X[p], φi) is the direct limit of (Pai , ψij) in Rep(Q).
Proof. We observe that φj ◦ ψij = φi for any i ≤ j. Since Q contains no oriented
cycles, the right infinite path αi+1αi+2 · · ·αj · · · is not cyclic. Lemma 2.1 implies
that each φi(b) is an injection. Then Imφi ≃ Pai . Since
⋃
i≥0 Imφi = X[p], then
the result follows. 
We observe that the direct system (Pai , ψij) depends on the choice of represen-
tative p, but the direct limit X[p] does not.
We mention that X[p] 6≃ Pa for any vertex a. Indeed, we observe that radX[p] =
X[p] and hence topX[p] = 0. Then the result follows since topPa ≃ Sa.
One can see from Lemma 5.1 that the flat representation X[p] is the direct limit
of finitely generated projective subrepresentations. The following result shows that
this property holds for general flat representations in Rep(Q). It strengthens the
Lazard–Govorov Theorem in the special case Rep(Q).
Proposition 5.2. A flat representation in Rep(Q) is a direct limit of finitely gen-
erated projective subrepresentations.
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Proof. Assume M is the direct limit of a direct system (Mi, ψij : Mi →Mj) over a
directed set Λ in Rep(Q) with each Mi ∈ proj(Q). We set M ′i =
∑
i≤j Kerψij for
each i ∈ Λ. By Lemma 4.2, we can let ψij : Mi/M ′i → Mj/M
′
j be the morphism
induced by ψij , and then (Mi/M
′
i , ψij) forms a direct system. By Proposition 4.3,
we have that M ≃ lim
−→
Mi/M
′
i and each canonical morphism Mi/M
′
i → M is an
injection. It remains to show that Mi/M
′
i ∈ proj(Q) for any i ∈ Λ.
Let i ∈ Λ. We observe that Imψij is projective for any j ≥ i, since Mj is
projective and Rep(Q) is hereditary. We obtain a split exact sequence
(5.1) 0 −→ Kerψij
uj
−→Mi −→ Imψij −→ 0.
Here uj is the inclusion. Then Imψij and Kerψij are direct summands of Mi,
and hence lie in proj(Q). We mention that there exists some morphism vj : Mi →
Kerψij such that vj ◦ uj = 1Kerψij .
For any j′ ≥ j ≥ i, we can consider the inclusions uj′ : Kerψij′ → Mi and
w : Kerψij → Kerψij′ . We observe that uj′ ◦ w = uj and hence (vj ◦ uj′) ◦ w =
vj ◦ uj = 1Kerψij . It follows that Kerψij is a direct summand of Kerψij′ . We
may assume Mi ≃
⊕n
r=1 Par for some vertices a1, a2, . . . , an. Then the number
of indecomposable direct summands of Kerψij for a certain decomposition is less
than or equal to the one of Kerψij′ , and they are both less than or equal to n. It
follows that there exists some l ≥ i such that Kerψil = Kerψij for any j ≥ l.
For any j ≥ i, we can choose some j′ ≥ j, l. We have that Kerψij ⊆ Kerψij′ =
Kerψil. We then obtain M
′
i = Kerψil. It follows from the exact sequence (5.1) in
the case ψil that Mi/M
′
i =Mi/Kerψil ≃ Imψil and hence Mi/M
′
i ∈ proj(Q). 
We study morphisms between representations of the form X[p].
Lemma 5.3. Let [p] and [q] be equivalence classes of right infinite paths. Assume
g : X[p] → X[q] is a nonzero morphism. Then [p] = [q] and g = r1X[p] for some
nonzero r ∈ k.
Proof. Assume p = α1α2 · · ·αi · · · . For each i ≥ 0, we set ai = t(αi+1). We observe
that for any vertex a and any right infinite path p′ in [p]a, there exists some i ≥ 0
and some finite path w ∈ Q(ai, a) such that p′ = wαi+1αi+2 · · ·αl · · · . Consider
the commutative diagram
X[p](ai) X[q](ai)
X[p](a) X[q](a).
X[p](w) X[q](w)
g(ai)
g(a)
We observe that p′ = X[p](w)(αi+1αi+2 · · ·αl · · · ). It follows that
g(a)(p′) = (g(a) ◦X[p](w))(αi+1αi+2 · · ·αl · · · )
= (X[q](w) ◦ g(ai))(αi+1αi+2 · · ·αl · · · ).
(5.2)
We claim that there exists some i ≥ 0 such that g(ai)(αi+1αi+2 · · ·αl · · · ) 6= 0.
Otherwise, for any vertex a and any right infinite path p′ in [p]a, we have g(a)(p
′) =
0 by (5.2). It follows that g = 0, which is a contradiction.
Hence, without loss of generality, we may assume g(a0)(p) 6= 0. Then for any
i > 0, we observe by (5.2) in the case a = a0, p
′ = p and w = α1α2 · · ·αi that
0 6= g(a0)(p) = (X[q](α1α2 · · ·αi) ◦ g(ai))(αi+1αi+2 · · ·αl · · · ).
In particular, we have g(ai)(αi+1αi+2 · · ·αl · · · ) 6= 0.
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For each i ≥ 0, we assume
(5.3) g(ai)(αi+1αi+2 · · ·αl · · · ) =
ni∑
j=1
rijuij ,
where ni ≥ 1, 0 6= rij ∈ k, and uij ∈ [q]ai .
We observe that
ni∑
j=1
rijuij = g(ai)(αi+1αi+2 · · ·αl · · · )
= (X[q](αi+1) ◦ g(ai+1))(αi+2αi+3 · · ·αl · · · )
= X[q](αi+1)
(ni+1∑
j=1
ri+1,jui+1,j
)
=
ni+1∑
j=1
ri+1,jαi+1ui+1,j .
Here, the first equality is (5.3). The second equality is (5.2) in the case a = ai,
p′ = αi+1αi+2 · · ·αl · · · and w = αi+1. The third equality holds by (5.3) in the case
i+ 1. The fourth equality holds by the definition of X[q](αi+1).
Therefore, we have that ni = ni+1. For each 1 ≤ j ≤ ni, there exists some
1 ≤ j′ ≤ ni+1 such that uij = αi+1ui+1,j′ and rij = ri+1,j′ .
By induction, we have that
u0j = α1α2 · · ·αl · · · = p
for each 1 ≤ j ≤ n0 and hence n0 = 1. It follows that [p] = [q] since u0j ∈ [q].
Let r = r01. Then for each i ≥ 0, we have
(5.4) g(ai)(αi+1αi+2 · · ·αl · · · ) = rαi+1αi+2 · · ·αl · · · .
For any vertex a and any right infinite path p′ in [p]a, we may assume p
′ =
wαi+1αi+2 · · ·αl · · · for some i ≥ 0 and some finite path w ∈ Q(ai, a). By (5.2)
and (5.4), we have that
g(a)(p′) = (X[p](w) ◦ g(ai))(αi+1αi+2 · · ·αl · · · )
= X[p](w)(rαi+1αi+2 · · ·αl · · · )
= rp′.
It follows that g = r1X[p] . 
We mention that Lemma 5.3 still holds even if Q contains oriented cycles. The
following result is a direct consequence of Lemma 5.3. It implies that the represen-
tations of the form X[p] are indecomposable and pairwise non-isomorphic.
Proposition 5.4. Let [p] and [q] be equivalence classes of right infinite paths.
(1) X[p] ≃ X[q] if and only if [p] = [q].
(2) End(X[p]) ≃ k. 
We mention the following characterization for X[p] lying in rep(Q).
Lemma 5.5. Let [p] be an equivalence class of right infinite paths. Then X[p] lies
in rep(Q) if and only if the convex hull of any right infinite path in [p] is uniformly
interval finite.
Proof. We observe that X[p] lies in rep(Q) if and only if [p]a is finite for any a ∈ Q0.
Since Q contains no oriented cycles, every right infinite path is irrational. Then
the result follows from the equivalence between Proposition 2.5(1) and Proposi-
tion 2.5(3). 
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We mention that the convex hull of any right infinite path in [p] is a convex sub-
quiver of suppX[p]. But X[p] ∈ rep(Q) does not imply that suppX[p] is uniformly
interval finite; see the following example.
Example 5.6. Let Q be the following quiver
· · · ◦
−2
◦
−1
◦
0
◦
1
◦
2
· · · .
α1 α2 α3
Let p = α1α2 · · ·αi · · · . Then suppX[p] = Q. We observe that |[p]i| = 1 for each
i ≥ 0 and |Q(0, i)| = |[p]i| = 2−i for each i < 0. It follows that X[p] ∈ rep(Q). But
suppX[p] is not uniformly interval finite. 
Let [p] be an equivalence class of left infinite paths. Then [pop] is the equivalence
class of right infinite paths in Qop. Assume p = · · ·αi · · ·α2α1. Set ai = s(αi+1) for
each i ≥ 0. Then pop = αop1 α
op
2 · · ·α
op
i · · · and ai = t(α
op
i+1) for each i ≥ 0. We have
a direct system (P opai ) over N with the direct limit X[pop] in Rep(Q
op). Applying
the contravariant functor D : Rep(Qop) → Rep(Q), we obtain an inverse system
(Iai) over N in Rep(Q). Let Y[p] = DX[pop] in Rep(Q).
We observe that D sends direct limits to inverse limits. Then we obtain the
following result, which is dual to Lemma 5.1.
Lemma 5.7. Y[p] is the inverse limit of (Iai) in Rep(Q). 
We mention that Y[p] 6≃ Ia for any vertex a. Indeed, we observe that socY[p] = 0.
Then the result follows since soc Ia ≃ Sa.
6. The classification theorem
Let Q be an interval finite quiver. Then proj(Q) and inj(Q) are both subcate-
gories of rep(Q). We refer to [4] for more details about rep(Q).
Lemma 6.1. Let M ∈ rep(Q) and let Λ be a countable directed set. Assume that
M is a direct limit of objects Mi ∈ proj(Q) over Λ in rep(Q). Then M is projective
in rep(Q).
Proof. Assume that φi : Mi → M is the canonical morphism for each i ∈ Λ. Let
g : X → Y be an epimorphism and let f : M → Y be a morphism in rep(Q).
We have that each f ◦ φi factors through g since Mi is projective. We observe
that Hom(Mi, X) is finite dimensional. By Proposition 4.5, we have that f factors
through g. It follows that M is projective in rep(Q). 
Then we can show that X[p] is projective in rep(Q) if it lies in rep(Q).
Proposition 6.2. Let [p] be an equivalence class of right infinite paths such that
the convex hull of any right infinite path in [p] is uniformly interval finite. Then
X[p] is an indecomposable projective object in rep(Q).
Proof. By Lemma 5.5 and Propositions 5.4(2), we have that X[p] is an indecom-
posable object in rep(Q). By Lemma 5.1, X[p] is a direct limit of objects lying in
proj(Q) over N in Rep(Q). Then the result follows from Lemma 6.1. 
The following result shows that the convex hull of any right infinite path in
suppM is uniformly interval finite, if M is a projective object in rep(Q).
Lemma 6.3. Let M be a representation in rep(Q). Assume that suppM contains
a right infinite path p whose convex hull is not uniformly interval finite. Then M
is not projective in rep(Q).
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Proof. Assume p = α1α2 · · ·αi · · · . For each i ≥ 0, we set ai = t(αi+1). Assume
that M is projective in rep(Q).
We observe that Hom(Pai ,M) ≃ M(ai) and hence it is nonzero. Let fi : Pai →
M be a nonzero morphism. Since M is projective in rep(Q) which is hereditary, we
have that fi is an injection. Then dimM(a0) ≥ dimPai(a0) = |Q(ai, a0)|.
Since Q contains no oriented cycles, every right infinite path is irrational. Then
the equivalence between Proposition 2.5(1) and Proposition 2.5(2) implies that
{|Q(ai, a0)| |i ≥ 0} is unbounded. It follows that M(a0) is not finite dimensional,
which is a contradiction. Then the result follows. 
We mention the following observations about projective objects in rep(Q).
Lemma 6.4. Let M be a projective object in rep(Q). Then M(α) is an injection
for any arrow α : a→ b.
Proof. We observe that there exists some morphism f : P
⊕ dimM(a)
a →M such that
Im f(a) = M(a). Since rep(Q) is hereditary and M is projective, then f is an
injection. We observe that Pa(α) is an injection. Then the result follows. 
For any vertex a and x ∈ M(a), we denote by Mx the subrepresentation of M
generated by x.
Lemma 6.5. Let M be a projective object in rep(Q). Assume a1, a2, . . . , an are
vertices in suppM , and xi ∈ M(ai) is nonzero for each 1 ≤ i ≤ n such that
xi /∈
∑
j 6=iMxj (ai). Then
∑n
i=1Mxi is an internal direct sum.
Proof. We mention that Mxi ≃ Pai for each 1 ≤ i ≤ n. Consider the canonical
epimorphism
g :
n⊕
i=1
Mxi −→
n∑
i=1
Mxi .
Here, the direct sum means external direct sum. We observe that
∑n
i=1Mxi is
projective in rep(Q), since rep(Q) is hereditary. Then g is a split epimorphism.
For each 1 ≤ i ≤ n, we have that (radMxi)(ai) = 0. Then (rad
∑n
j=1Mxj)(ai)
is contained in
∑
j 6=iMxj(ai). By the assumption, we have that xi does not lie in
(rad
∑n
j=1Mxj)(ai). Then
⊕n
i=1 Sai is a direct summand of top(
∑n
i=1Mxi). We
observe by the split epimorphism g that top(
∑n
i=1Mxi) is a direct summand of
top(
⊕n
i=1Mxi), which is isomorphic to
⊕n
i=1 Sai . It follows that
top
( n∑
i=1
Mxi
)
≃
n⊕
i=1
Sai ≃ top
( n⊕
i=1
Mxi
)
.
Since both
⊕n
i=1Mxi and
∑n
i=1Mxi lie in proj(Q), then g is an isomorphism. Then
the result follows. 
Proposition 6.6. LetM be an indecomposable projective object in rep(Q). Assume
that suppM contains a right infinite path p. Then the convex hull of any right
infinite path in [p] is uniformly interval finite and M ≃ X[p].
Proof. We observe by Lemma 6.4 that each right infinite path in [p] is completely
contained in suppM . Then the convex hull of any right infinite path in [p] is
uniformly interval finite by Lemma 6.3. It follows from Proposition 6.2 that X[p] is
an indecomposable projective object in rep(Q).
Assume p = α1α2 · · ·αi · · · . For each i ≥ 0, we set ai = t(αi+1). We have that
dimM(ai) ≥ dimM(ai+1) since M(αi+1) is an injection. Then dimM(ai) will be
stable for i large enough. We may assume dimM(ai) = dimM(a0) for each i ≥ 0.
Then M(αi) is a bijection for each i ≥ 0.
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Let Ω0 = {ai|i ≥ 0}. We denote by X0 the subrepresentation ofM generated by⋃
a∈Ω0
M(a). We observe that
X0 ≃ X
⊕ dimM(a0)
[p] .
Let Ω1 = Ω0∪Q0\suppX0. We denote byX1 the subrepresentation ofM generated
by
⋃
a∈Ω1\Ω0
M(a). We observe that X0(a) +X1(a) =M(a) for each a ∈ Ω1.
We claim that X0 ∩ X1 = 0. Indeed, let x ∈ X0(a) ∩ X1(a) for some vertex a.
Then there exists pairwise different vertices b1, b2, . . . , bn in Ω1 \Ω0 and yi ∈ X1(bi)
for each 1 ≤ i ≤ n such that x ∈
∑n
i=1Myi(a). We may assume yi /∈
∑
j 6=iMyj (bi)
for any 1 ≤ i ≤ n. We observe that there exist some j ≥ 0 such that there does
not exist a finite path u with t(u) = aj and s(u) = bi for any 1 ≤ i ≤ n, since Q is
interval finite. We can choose yn+1 ∈ M(aj) such that x ∈ Myn+1(a). We observe
that yi /∈
∑
j 6=iMyj (bi) for any 1 ≤ i ≤ n+ 1. By Lemma 6.5, we have that x = 0.
It follows that X0 ∩X1 = 0.
Let Ω2 = {a ∈ Q0|a− ⊆ Ω1}. For each a ∈ Ω2 \ Ω1, we let Ua be a complement
to X0(a) ⊕ X1(a) in M(a). Let X2 be the subrepresentation of M generated by⋃
a∈Ω2\Ω1
Ua. We observe that X0(a)⊕X1(a)⊕X2(a) =M(a) for each a ∈ Ω2.
We claim that (X0 ⊕ X1) ∩ X2 = 0. Indeed, let x ∈ (X0 ⊕X1)(a) ∩ X2(a) for
some vertex a. Then there exist pairwise different vertices b1, b2, . . . , bn ∈ Ω2 \ Ω1
and yi ∈ X2(bi) for each 1 ≤ i ≤ n such that x ∈
∑n
i=1Myi(a). We may assume
yi /∈
∑
1≤j≤n,j 6=iMyj(bi) for any 1 ≤ i ≤ n. Similarly, there exist pairwise different
vertices bn+1, bn+2, . . . , bn+m ∈ Ω1 and yi ∈ (X0⊕X1)(bi) for each n+1 ≤ i ≤ n+m
such that x ∈
∑n+m
i=n+1Myi(a). We may assume yi /∈
∑
n+1≤j≤n+m,j 6=iMyj(bi) for
any n+1 ≤ i ≤ n+m. We observe that yi /∈
∑
j 6=iMyj (bi) for any 1 ≤ i ≤ n+m,
since
∑2
i=0Xi(a) is an internal direct sum for each a ∈ Ω2. By Lemma 6.5, we
have that x = 0. It follows that (X0 ⊕X1) ∩X2 = 0.
By induction, for each n ≥ 0, we have Ωn and Xn such that
∑n
i=1Xi is an
internal direct sum and (
⊕n
i=0Xi)(a) =M(a) for each vertex a ∈ Ωn.
We observe that any vertex in suppM lies in Ωi for some i ≥ 0. It follows that
M =
⊕∞
i=0Xi. Since M is indecomposable, we have that M = X0 ≃ X[p]. 
We then obtain the following classification theorem.
Theorem 6.7. Let Q be an interval finite quiver. Assume that P is an indecom-
posable projective object in rep(Q). Then either P ≃ Pa for some vertex a, or
P ≃ X[p] for some equivalence class [p] of right infinite paths, where the convex hull
of any right infinite path in [p] is uniformly interval finite.
Proof. If suppP contains a right infinite path, the result follows from Proposi-
tion 6.6. Now, we assume that suppP contains no right infinite paths. Then the
canonical epimorphism P → topP is a projective cover by Lemma 3.1(1). In par-
ticular, topP is nonzero. Let S be a simple factor representation of topP . We have
an epimorphism f : P → S. Assume that S(a) 6= 0 for some vertex a. We have a
projective cover g : Pa → S. It follows that Pa is a direct summand of P . Since P
is indecomposable, we have that P ≃ Pa. 
We mention that an indecomposable projective object in rep(Q) of the form X[p]
is not projective in Rep(Q). Indeed, if p = α1α2 · · ·αi · · · and ai = t(αi+1) for any
i ≥ 0, then the canonical epimorphism
⊕
i≥0 Pai → X[p] is not a retraction.
By the duality D : rep(Qop)→ rep(Q), we can also classify the injective objects
in rep(Q); see the following theorem. One can also obtain the classification of
injective objects in rep(Q) analogous to the above process based on Lemmas 3.2(2)
and 5.7.
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Theorem 6.8. Let Q be an interval finite quiver. Assume that I is an indecom-
posable injective object in rep(Q). Then either I ≃ Ia for some vertex a, or I ≃ Y[p]
for some equivalence class [p] of left infinite paths, where the convex hull of any left
infinite path in [p] is uniformly interval finite. 
We characterize the indecomposable projective objects and indecomposable in-
jective objects in rep(Q) for the following infinite quiver of A∞∞ type.
Example 6.9. Let Q be the following quiver of A∞∞ type
· · · ◦
−1
◦
0
◦
1
· · · .
α−1 α0 α1 α2
For every vertex i, we denote by Pi the corresponding indecomposable projective
representation, and by Ii the corresponding indecomposable injective representa-
tion.
Set p = α1α2 · · ·αi · · · . Then X[p] is isomorphic to the representation
· · · k k k · · · .1 1 1 1
By Proposition 6.2, we have that X[p] is an indecomposable projective object in
rep(Q). By Theorem 6.7, we have that{
X[p]
}
∪ {Pi|i ∈ Q0}
is a complete set of indecomposable projective objects in rep(Q).
Set q = · · ·αj · · ·α−2α−1. Then Y[q] ≃ X[p]. By Theorem 6.8, we have that{
Y[q]
}
∪ {Ii|i ∈ Q0}
is a complete set of indecomposable injective objects in rep(Q). 
It is worth mentioning that rep(Q) may not contain enough projective objects.
Indeed, we have the following characterization.
Proposition 6.10. The following statements are equivalent.
(1) rep(Q) contains enough projective objects.
(2) Every object in rep(Q) admits a projective cover.
(3) Every vertex in Q admits only finitely many predecessors.
Proof. (1) ⇒ (3). Assume that a vertex b admits infinitely many predecessors ai
for i ∈ Λ. Then there are no projective objects P in rep(Q) with some epimorphism
P →
⊕
i∈Λ Sai . Indeed, otherwise each Pai is a direct summand of P . Then P (b)
is not finite dimensional, which is a contradiction.
(3)⇒ (2). Assume every vertex in Q admits only finitely many predecessors. In
particular, Q contains no right infinite paths.
LetM be a representation in rep(Q). Assume topM ≃
⊕
i∈Λ Sai for some index
set Λ. Then we obtain the following commutative diagram⊕
i∈Λ Pai
⊕
i∈Λ Sai
M topM.
g
h ≃
f
By the assumption, at most finitely many ai are predecessors of any given vertex
b. Then
⊕
i∈Λ Pai(b) is finite dimensional, since Q is interval finite. That is to say,⊕
i∈Λ Pai lies in rep(Q).
We observe that rad
⊕
i∈Λ Pai ≃
⊕
i∈Λ radPai . Since Q contains no right infinite
paths, then f and g are essential epimorphisms by Lemma 3.1. It follows that h is
an epimorphism. Moreover, it is an essential epimorphism since so is g. Then it is
a projective cover in rep(Q).
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(2) ⇒ (1). This is straightforward. 
We mention that, if the equivalent conditions in the preceding proposition hold,
there are no indecomposable projective objects of the form X[p] in rep(Q).
Similarly, one can prove that rep(Q) admits enough injective objects if and only
if every vertex in Q admits only finitely many successors.
7. A characterization for projective objects in rep(Q)
Let Q be an interval finite quiver. We strengthen Proposition 5.2 for countably
generated flat representations in Rep(Q) as follows.
Lemma 7.1. A countably generated flat representation in Rep(Q) is a direct limit
of finitely generated projective subrepresentations over the directed set (N,≤).
Proof. Assume that M is a countably generated flat representation. By Proposi-
tion 5.2, we may assume that M is a direct limit of subrepresentations Pλ lying in
proj(Q) over some directed set (Λ,≤). Since M is countably generated, there exist
some vertices ai for i ≥ 0 and some xi ∈M(ai) such that M =
∑
i≥0Mxi .
We observe that for any i ≥ 0, there exists some λi ∈ Λ such that xi ∈ Pλi (ai).
Then Mxi ⊆ Pλi . Let λ
′
0 = λ0, and choose some λ
′
i+1 with λ
′
i+1 ≥ λ
′
i, λi+1 for any
i ≥ 0 inductively. Then for any 1 ≤ j ≤ i, we have that xj ∈ Pλ′
i
(aj) and hence
Mxj ⊆ Pλ′j ⊆ Pλ′i . We observe that (Pλ′i ,⊆) forms a direct system over the directed
set (N,≤). Then M =
∑
i≥0Mxi =
⋃
i≥0 Pλ′i . It implies that M = lim−→
Pλ′
i
. Then
the result follows since Pλ′
i
∈ proj(Q) for any i ≥ 0. 
Then we obtain the following relationship between projective objects in rep(Q)
and flat representations lying in rep(Q). This is analogous to the classical result [7,
Theorem 2.2] in module categories, which is due to [12] and [16].
Theorem 7.2. Let Q be an interval finite quiver and let M be a representation
in rep(Q). Then M is projective in rep(Q) if and only if M is a direct sum of
countably generated flat representations in Rep(Q).
Proof. For the sufficiency, we assume M =
⊕
i∈ΛMi for some indexed set Λ, such
that each Mi is a countably generated flat representation in Rep(Q). Lemma 7.1
implies that Mi is a direct limit of representations lying in proj(Q) over N. It
follows from Lemma 6.1 that Mi is projective in rep(Q). Then so is their direct
sum, i.e., M is projective in rep(Q).
For the necessity, we assume M is projective in rep(Q). By Lemma 3.6, we
have a decomposition M =
⊕
i∈ΛMi for some indexed set Λ, such that each Mi
is indecomposable. Then each Mi is a projective object in rep(Q). Theorem 6.7
implies that either Mi ≃ Pa for some vertex a or Mi ≃ X[p] for some equivalence
class [p] of right infinite paths. Then the result follows since both Pa and X[p] are
countably generated flat representations in Rep(Q). 
Corollary 7.3. Let Q be a connected strongly locally finite quiver and let M be a
representation in rep(Q). Then M is projective in rep(Q) if and only if M is a flat
representation in Rep(Q).
Proof. We observe that a connected strongly locally finite quiver is countable. Then
each pointwise finite dimensional representation of Q is countably generated. We
mention that flat representations in Rep(Q) are closed under direct sums. Then
the result is a direct consequence of Theorem 7.2. 
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